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Abstract-By means of the Leggett-Williams fixed-point theorem, criteria are developed for the 
existence of at least three positive solutions to the onedimensional pLaplacian boundary value 
problem, (~(9’))’ + g(t)f(t, y) = 0, ~(0) - Bo(y’(O)) = 0, y(l) + &($(I)) = 0, where V(V) := 
~v[P-~v, p > 1. @ 2002 Elsevier Science Ltd. All rights reserved. 
Keywords-positive solutions, Concavity, pLaplacian operator, Leggett-Wibms fixed-point 
theorem. 
1. INTRODUCTION 
Consider the following pLaplacian boundary value problem: 
MY’)) + gW(t, Y> = 07 o<t<1, 
Y(0) - Bo(Y’(0)) = 0, Y(l) + Bl(Y’(l)) = 0, 
(1.1) 
where q(v) := IvlPS2 v, p > 1, and g,f,&,& satisfy the following. 
(Al) f : [0, l] x [0, +CXI) --f [0, +oo) is continuous. 
(AZ) g : O-41) --t [O, + oo ) is continuous and is allowed to be singular at the end points of (0, l), 
g(t) $0 on any subinterval of (0, 1). In addition, 
1 
0-C J g(r) dr < +co. 0 
(A3) Be(u) and B 1 v are both nondecreasing, continuous, odd functions defined on (-00, +oo) ( ) 
and at least one of them satisfies the condition that there exists m > 0 such that 
0 5 Bi(v) 5 mu, for all v 2 0, i = 0 or 1. 
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Such a problem arises in many different areas of applied mathematics and the fields of mechanics, 
physics and has been studied extensively, we refer the reader to [1,2] and the references cited 
therein. In the case f(t, y) s f(y), when f is superlinear, i.e., fo = O,foo = +oo, or sublinear, 
i.e., fo = +oo, foe = 0, where fo = lim,,,,+ f(~)/yJ’-‘,f~ = lim,,+, f(y)/yp-‘, Wang [l] 
established an existence theorem ((1, Theorem 31) for problem (1.1) by an application of a fixed- 
point theorem due to Krasnoselskii. In this paper, we impose suitable conditions on f, which 
allow us to obtain at least three positive solutions of (1.1) by using the Leggett-Williams fixed- 
point theorem. Recently, this fixed-point theorem has been given attention in obtaining triple 
solutions for second-order and higher-order boundary value problems of ordinary differential and 
finite difference equations, to name a few, we refer to [3-71, etc. But to the pLaplacian boundary 
value problems, this method has not been used yet as far as we know. 
In the remainder of this section, we present some background results from the recent literature 
that will be needed in Section 2. 
Let E = (E, II-II) b e a B anach space and P c E a cone. By a nonnegative continuous concave 
functional (Y on P, we mean a mapping (Y : P 4 [0, +m) that is continuous and 
a@ + (1 - t)y> 2 t&J) + (I - +(Y) 
foralls,yEPandalltE[O,l]. 
Let 0 c a < b, T > 0 be constants with P and (Y as defined above. Let 
Pr = {Y E P I llvll < ~1 and P(a,a,b) = {y E P I a L Q(Y), llvll 5 b}. 
The following Leggett-Williams fixed-point theorem [8] plays an important role in this paper. 
THEOREM 1.1. Let T : PC ---* PC be completely continuous and Q! be a nonnegative continuous 
concave functional on P such that o(y) 5 I/y/, for all y E PC. Suppose there exist 0 < a < b < 
d 5 c such that 
(Bl) {Y E P(whd) I 4~) > b) # 0 ad 4Ty) > b, for Y E P(cr,b,d), 
032) IITYII < a, for llvll I a, and 
(B3) cr(Ty) > b, for y E P(cy, b, c) with IlTyll > d. 
Then T has at least three fixed points, ~1, 92, and y3 satisfying 
llylll < a3 b < ~YZ>, and lly3II > a, with 4~3) < b. 
2. MULTIPLE POSITIVE SOLUTIONS 
It follows from (A2) that there exists a number 6 E (0,1/2) such that 
J 
1-6 
o< g(t)dt < +co 
6 
and hence, the function 
(2-l) 
is continu&s and positive on [6,1 - 61, where $J(‘w) := IwI1/(P-l)sgn w is the inverse function 
of v(v). In the sequel, 6 always satisfies (2.1). 
For notational convenience, we denote L := rninal=Sl_a L(z), and 
Multiple Positive Solutions 939 
Let the Banach space E = C(0, l] be equipped with the norm ]]y]] = suptE[O,ll Iy(t)l, y E E, and 
define the cone P C E by 
P = {y E E ( y is concave and nonnegative valued on [0, 11). 
Furthermore, let the nonnegative continuous concave functional (Y be defined by 
a(y) = Y(6) + Y(l - 4 
2 ’ 
y E P. 
Obviously, a(y) 5 ]]y]], for all y E P. 
LEMMA 2.1. (See [I].) Let y E P and 6 E (0,1/2). Then 
(Cl) 
{ 
)lyllt, oIt<a, 
Y(t) 2 II?&) a<t<l ifo<a<ll 
(1-a)’ - -’ 
(C2) y(t) 2 ~llvll, for all t E [h 1 - 4, 
(C3) y(t) > llvllt, 0 I t I 1, jfc = 1, 
(C4) y(t) L Ilyll(l - t), 0 5 t I 1, if c7 = 0. 
Here o E [0, 1) such that y(o) = Ily]]. 
The main result of this paper is as follows. 
THEOREM 2.1. Let 0 < a < 6b< b < b/6 5 d be given, and suppose that f satisfies 
(Dl) f(t, w) < cp(alW, for (t, w) E IO, 11 x IO, al, 
(D2) one of the following is satisfied: 
(i) limsup,,+, f(t, UI)/ZUP-~ < 9(1/X) uniformly for t E [0, 11; 
(ii) there exists a number 11 2 d such that 
for CC ~1 E lo, 11 x [O, 771, 
(D3) f(t, w) > (p(2b/&), for (t, W) E [6,1 - 61 x [Sb, d], 
where b, A, L, and (Y are defined earlier. Then (1 .I) has at least three positive solutions ~1, ~2, 
and ys such that 
llvlll < a9 4Y2) > b, and llvsll > a7 with 4~3) < b. 
PROOF. We define an operator T : P -+ E by 
Bo 0 II (.I; dr)f(r, y(r)) dr) + s,” 1cI (_I’,” dr)f(r, y(r)) dr) ds, 0 5 t I 0, 
W(t) = (Ty)(t) := 
BI 0 1c, (J; g(r)f(r, y(r)) dr) + s,’ 1c, (J,” g(r)f(r, y(r)) dr) ds, 0 5 t 5 1, 
for each y E P, where CJ = 0 if W’(O) = 0; D = 1 if W’(1) = 0; otherwise, cr is a solution of the 
equation ze(x) = zr(z), where 
zo(z) := B. o II, ( lz g(r)f(T, y(r)) dr) + hz II, ( lz g(r)f(r, y(r)) dr) ds, Ola:<l, 
and 
(I 
1 
zl(z) := BI oq!~ g(r)f(r, y(r)) dr g(r)f(r, y(T)) dr ds, O<zIl. 
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As it is shown in [l] that LT exists and then the operator T is well defined with ]]Ty]/ = Ty(a). 
Moreover, a standard argument shows that T : P + P is completely continuous, and each fixed 
point of T in P is a solution of (1.1). 
We now show that the conditions of Theorem 1.1 are satisfied. Without loss of generality, we 
may assume that 0 < B,-,(V) 5 mv, for all v 2 0. First, we prove that Condition (D2) implies the 
existence of a number c where c > d such that 
In fact, if (ii) of (D2) holds, then 
for y E Pq. 
Hence, (2.2) holds for c = 7, 
Now if (i) of (D2) is satisfied, then there exist D > 0 and e < 9(1/X) such that 
for (t, w) E [0, l] x [D, +co). 
Denote M = msx{f(t,w) I 0 I t < 1, 0 I w 5 D}. By (2.3), we have 
f@, w) I M + eUF-1, for (t, ut) E 10, l] x [0, +oo). 
Now, choose c such that 
cp(4 > m= cpW),M cp ( ( (@-T}* 
Then, for y 5 PC, it follows from (2.4),(2.5) that 
1 1 
VYII I Bo 0 11, (J dr)f(r, y(r)) dr > (J + + dr)f(rv Y(T)) dr 0 0 1 
I (m+lM (I 
1 
s(r)P(~, YW dr 
0 > 
I (m + l)ti (s 
1 
g(r) (A4 + cyPel) dr 
0 > 
~(m+l)rli(~lsO(~(C)(~(~)-~)+~~-l) dr) 
= (m + l)$ (I’ g(r) dr) f = c. 
(2.3) 
(2.4) 
(2.5) 
Hence, IITyll < c, for y E PC. Relation (2.2) follows immediately. In particular, if y E fia, then 
Assumption (Dl) implies f(t, y) c p(a/x), 0 5 t 5 1, 0 < y < a. By an analogous argument as 
above, we have IlTyll < a. That is to say, the fulfillment of (B2) of Theorem 1.1 is completed. 
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To fulfill Condition (Bl) of Theorem 1.1, we note that y(t) G (b + d)/2 > b, 0 5 t 5 1, is a 
member of P(o, b, d) and o(y) = cr((b + d)/2) > b, hence {y E P(o, b,d) ) a(y) > b} # 0. Now, 
let y E P(a, b,d). Then, a(y) = (1/2)(y(6) + y(1 - 6)) 2 b, and so b _< llyll 5 d. Therefore, by 
Lemma 2.1, we have 6b 5 c511yll 5 y(s) 5 d, 6 5 s < 1 - S. Using this together with (D3), we 
have to distinguish three cases. 
CASE 1. c < 6. In this case, we have 
WY) = 
TY(4 + TYU - 4 > Ty(l _ (5) 
2 - 
1 
2 J (J 1(1 ’ str)f(r, y(r)) dr ds 1-6 0 1 
1 1-6 
1 J 11 (s s(r>f(r, Y(T)) dr ds 
1-6 6 
CASE 2. (T > 1 - 6. In this case, we get 
TY(4 TY(i 
f - 
o(Ty) = 4 
2 
L TY(~ 6 0 2 1c, J (J dr)f(r, y(r)) dr ds 
2w 
>ijli 
s > 
(J 6 1-6 dr)f(r,y(r))dr ) I-6 2b 
g(r)drcp z ( ,) 2 2b > b. 6 
CASE 3. o E [d, 1 - a]. In this case, we obtain 
24Ty) = Ty(6) + Ty(l - 6) I5 2 1L J (J os(rMrTy(r))d d + 0 s r) s lL6W (~‘s(rLfCrydr))dr) ds 6 2 1c, J (J usWbxh9P d + 0 6 r) 9 /I',+ (~-61(r)I(TIYWP) ds 
=6 2c, 
1 (J g(r g(r)f(r, y(r)> dr ) ( + 11, l’-” &9fh y b-W-)] 
>~~(~“g(r)dr)+d(~-dg(r)dr)] ~2% 
i.e., 
STY) > b, for Vy E P(a,b,d). 
Consequently, Condition (Bl) of Theorem 1.1 holds. 
Finally, we exhibit (B3) of Theorem 1.1 is also satisfied. To this end, for y E P(o, b, C) with 
((Ty(( > d, an application of Lemma 2.1 yields 
STY) = 
TY(~ + TYP - 6) 
2 
2 SllTyll > bd 2 b. (2.6) 
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This shows that Condition (B3) of Theorem 1.1 is satisfied. Hence, the proof is finished by an 
application of Theorem 1.1. 
REMARK 1. From the above proof, one has at the same time ]]yi]] 5 a < ]]yz]], ]]ys]] 5 r]. 
From Theorem 2.1, the following conclusion is immediate. 
COROLLARY 2.2. Let 0 < al < 6bl < bl < bl/S = dl 5 a2 < bb2 < b2 < b2/b = d2 5 as c . . . 5 
a,, n E N. Suppose that the following conditions are satisfied. 
(9) f(t,20) < cp(ai/X>, for (Gw) E [O,l] x [O,ci], 1 5 i I n, 
(S2) f(t,~) > cp(2bJ6L), for (t,w) E [6,1 - 61 x [Sbi,dJ, 1 5 i 5 n - 1. 
Then (1.1) has at least 2n - 1 different positive solutions. 
PROOF. For n = 1, it follows from Condition (Sl) that T : pa, -+ PaI c &. Hence, there exists 
at least one fixed point ~1 E pb, by the Schauder fixed-point theorem. For n = 2, we take in the 
Leggett-Williams fixed-point theorem with a = al, b = bl, d = dl, c = ~2, and then as a map 
from pa, to pa,, T has at least three fixed points yi , ~2, and ys in pa, with 
IlYlII < al, 4~2) > bl, and Ilv311 > al, ~(~31 < h. 
At the same time, we have 
IIYlII, IlY2lL IIYSII I a27 IlY2ll7 IIYSII > a1 
and all of them are in pa, with ]]ys]] > a(y2) > bl > al. 
For n = 3, let 
a = as, b=bz, d =d2, c= ag. 
The Leggett-Williams fixed-point theorem implies in turn that T has at least three fixed points 
~4, y5, ~6 with 
llY4ll < a2r ~(~51 > b2, and Il~dl > a29 with a(ys) < b2, 
and 
lly4ll7 b5119 b611 5 a39 llY5lL IlYdl > a2* 
It is possible that y4 equals one of yi, ~2, and ys, but y5 and ys are both not in the case since 
llylli, lly2ll9 1ly3ll 5 a2 < lly5119 llydl- 
So, T has at least five fixed points yi, ~2, ys, y5, ys in pa,. 
In this way, we can prove our conclusion by the induction method. 
EXAMPLE. In problem (ll), suppose that p = 3, 6 = l/4, Bs and Bi satisfy (A3) with m = 1, 
g(t) = t-“2, and 
f(kY) = I 
’ e-2 2 
-iiTy ’ o<t<1, O<y<l, 
- - I $[(*1920e l)(y 1) + 11, 0 5 t 5 1, Y21- 
Then (1.1) has at least three positive solutions. 
PROOF. It is clear that Conditions (Al)-(A3) hold. g(t) is singular at t = 0. After some simple 
calculations, we have X = (1 + l)(s,’ t-1/2 dt)lj2 = 2& and 
L= min 
1/45s<_3/4 
t--l12dt +$ 
) (1 
314 
2 
t-li2dt = ) ds 3- 1. 
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We choose a = 1, b = 8, d = 40. Then 
943 
forOIt<l, O<y<l, 
f(CY) = $[(81920e - l)(y - 1) + l] > 8192 > E = cp (2) , 
for t E [l/4,3/4], 2 5 y I 40. 
lim sup f(kY) -=o<cp 
1 1 
y++m Y2 ( > 2Ji =8’ uniformly for t f [0, I]. 
Hence, by an application of Theorem 2.1, we know that (1.1) has at lea& three positive solutions 
yi , ~2, and y3 satisfying 
ll~l]I < 1, 8 < 4~217 and Ilv3ll > 1, with o(y3) < 8. 
REMARK 2. In the above example, fo(t) := lima,+c+ f(t,y)/y2 = edta/lO, it is clear that, f is 
neither superlinear (at both y = 0 and y = +co) nor sublinear (at both y = 0 and y = foe). 
Hence, the main result [l] is not applicable to this example. 
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